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Referee report on the habilitation thesis

“Boundary value problems for nonlinear elliptic

equations with a Hardy potential”

by Phuoc-Tai Nguyen

The well written habilitation thesis under review presents recent develop-
ments on boundary value problems for linear and nonlinear elliptic equations
with a Hardy potential and associated measure data.

Let ⌦ be a C2-bounded (nonempty) domain in RN , and consider the
Schrödinger operator Lµ := � + µ��2(x) defined on ⌦, where � = �⌦ is
the distance function to @⌦, i.e. �(x) := dist(x, @⌦). It is well known that
there exists 0 < CH(⌦)  1/4, called the Hardy constant, such that the
operator �Lµ is nonnegative (in the sense of the associated quadratic form)
i↵ µ  CH(⌦). Moreover, for such µ the operator �Lµ admits a positive
eigenvalue �µ for µ < CH(⌦). Throughout the paper it is assumed that
0  µ  CH(⌦) and �µ > 0. In other words, it is assumed that the operator
�Lµ is weakly coercive.

The thesis studies the following Dirichlet boundary value problem:
8
<

:
�Lµu± g(u,ru) = ⌧, where ⌧ 2 M(⌦, �↵).

trµu = ⌫, where ⌫ 2 M(@⌦).
(1)

Here g is a nonnegative function satisfying appropriate regularity and struc-
tural conditions, ↵ := (1 +

p
1� 4µ)/2, and trµ is a notion of µ-boundary

trace introduced by the author and his collaborators. The plus sign in (1)
corresponds to the absorption case while the minus sign represents the source
case.

Using the celebrated results of Ancona [1] on the Martin boundary of
�Lµ in ⌦, and the explicit asymptotic behaviors of the positive minimal
Green function and the Martin Kernel of �Lµ in ⌦ proved by S. Filippas, L.
Moschini and A. Tertikas in [2], the author and his collaborators prove the
existence, uniqueness and representations of solutions of the above boundary
value problem with measure data. Moreover, for the case g = ±|u|p (absorp-
tion and source cases) there is a critical exponent pµ, below it the problem
is well-posed and above it nonexistence appears.

The thesis is based on four papers by the authors which appeared in lead-
ing journals. One paper is a collaboration with M. Marcus who was Nguyen’s



mentor during his postdoc at the Technion, two papers are with K. T. Gkikas
who is roughly in the same academic group age as Nguyen, and one is a solo
paper by Nguyen. The results of the thesis are nice and significant contribu-
tions to the theory of positive solutions of important linear, semilinear and
quasilinear partial di↵erential equations. In my opinion, Nguyen’s habilita-
tion thesis is of high mathematical level and it is my pleasure to give it my
warmest recommendation.

Reviewer’s questions for the habilitation thesis defense:

1. What about the case µ < 0?

2. Replace the operator Lµ by LV

µ
:= Lµ+V , where V 2 C1

c
(⌦), or more

generally ,|V (x)|  C��2+", where " > 0. Do the results of the thesis
change?

3. There is a recent paper [3], where the results of the paper of Marcus-
Mizel-Pinchover [4] are extended to C1,↵ domains with compact bound-
aries. Could the results of the thesis be extended to this cases (to the
bounded domain case and maybe even to the exterior domain case).

4. [4, 3] and other papers consider the p-Laplacian operator with Hardy
potentials. What about possible extensions of your results to this fam-
ily of operators.

Conclusion: The habilitation thesis entitled “Boundary value problems
for nonlinear elliptic equations with a Hardy potential” by Dr. Phuoc-Tai
Nguyen fulfills requirements expected of a habilitation thesis in the field of
Mathematics - Mathematical Analysis.
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